On the Weak-Field Approximation in Generalized Scalar-Tensor Gravities by Guimaraes, M. E. X. et al.
ar
X
iv
:g
r-q
c/
02
01
10
1v
1 
 3
1 
Ja
n 
20
02
On the Weak-Field Approximation in Generalized
Scalar-Tensor Gravities
M. E. X. Guimara˜es1, L. P. Colatto2 and F. B. Tourinho2
1. Universidade de Bras´ılia, Depto. de Matema´tica, CEP: 70910-900, Bras´ılia - DF, Brazil
2. Universidade de Bras´ılia, Instituto de F´ısica, CEP: 70910-900 Bras´ılia - DF, Brazil
E-mail: emilia@mat.unb.br, colatto@fis.unb.br, felipetourinho@ambr.br
Abstract
In the paper [1], Barros and Romero demonstrated that, in the weak-field approximation,
solutions to the Brans-Dicke equations are related to the solutions of General Relativity for the
same matter distributions. In the present work, we enphasize this result and we extend it to
for generalized scalar-tensor theories in which the parameter ω is no longer a constant but an
arbitrary function of the (gravitational) scalar field.
1 Introduction:
In the paper [1], Barros and Romero developed a method which allowed one to obtain solutions in the
Brans-Dicke theory [2] from the corresponding solutions in General Relativity theory for the same
matter content when both theories are considered in the weak-field approximation. The aim of this
work is to show that this is a global feature of a class of more general scalar-tensor theories of gravity
in which the parameter ω is an arbitrary function of the scalar field Φ˜ [3]. Since, at present, the
only known theory which treats gravity consistently with quantum mechanics is the string theory [4]
and since all versions of this theory naturally predicts a scalar partner for the pure tensor metric,
it seems worthwhile to analyse the behaviour of matter contents in the context of a scalar-tensor
gravity. Hence, our main contribution is to provide a way to derive solutions in scalar-tensor theories
from their General Relativity partners straightforwardly, at least in the weak-field approximation.
This work is presented as follows. In the section 2 we present our model and its field equations and
extend the method introduced in the ref. [1]. In section 3, we illustrate our result with some examples
of matter distributions such as topological defects. In section 4, we end with some conclusions.
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2 The Linearised Field Equations in Scalar-Tensor Gravi-
ties:
We start with the action in the Jordan-Fierz frame:
S = 1
16pi
∫
d4x
√
−g˜
[
R˜Φ˜− ω(Φ˜)
Φ˜
∂µΦ˜∂µΦ˜
]
+ Sm[Ψm, g˜µν ], (1)
g˜µν is the physical metric which contains both scalar and tensor degrees of freedom, R˜ is the curvature
scalar associated to it and Sm is the action for general matter fields which, by now, is left arbitrary.
By varying action (1) with respect to the metric g˜µν and to the scalar field Φ˜ we obtain the
“modified” Einstein equations and a wave equation for Φ˜:
R˜µν − 1
2
g˜µνR˜ =
8pi
Φ˜
T˜µν +
ω(Φ˜)
Φ˜
[
∂µΦ˜∂νΦ˜− 1
2
g˜µν∂
αΦ˜∂αΦ˜
]
+
1
Φ˜
(
∇νΦ˜,µ − g˜µν✷g˜Φ˜
)
,
✷g˜Φ˜ =
1
2ω(Φ˜) + 3
[
8piT˜ − dω
dΦ˜
∂µΦ˜∂
µΦ˜
]
(2)
∇µT˜ µν = 0 (3)
where
T˜µν =
2√−g˜
δSm
δg˜µν
is the energy-momentum tensor of the matter content and T˜ ≡ T˜ µµ is its trace. Clearly, if T˜ vanishes
and Φ˜ is a constant, equations (2) reduce to the usual Einstein’s equations if we identify G with the
inverse of the scalar field, e.g., G = 1/Φ˜. Hence, any exact solution of Einstein’s equations with a
trace-free matter source will also be a particular exact solution of the scalar-field with Φ˜ constant.
Of course, this particular solution will not be the general solution for the matter content [5].
Before proceeding with the linearisation, let us re-write action (1) in terms of the Einstein (con-
formal) frame in which the kinematic terms of tensor and scalar do not mix:
S = 1
16piG∗
∫ √
g [R− 2gµν∂µφ∂νφ] + Sm[Ψm, A2(φ)gµν ], (4)
where gµν is a pure rank-2 metric tensor and R is the curvature scalar associated to it.
Action (4) is obtained from (1) by a conformal transformation
g˜µν = A
2(φ)gµν , (5)
and by a redefinition of the quantities
G∗A2(φ) =
1
Φ˜
(6)
2
G∗ is a “bare” gravitational constant, and
α(φ) =
∂lnA(φ)
∂φ
=
1
(2ω(Φ˜) + 3)1/2
(7)
which can be interpreted as the (field-dependent) coupling strength between matter and scalar field.
In the conformal frame, eqs. (2) are written in a more convenient form:
Rµν − 1
2
gµνR = 8piG
∗Tµν + 2∂µφ∂νφ− gµνgαβ∂αφ∂βφ
✷gφ = −4piG∗α(φ)T. (8)
From eq. (5), it is clear that we can relate quantities from both frames such that T˜ µν = A−6(φ)T µν
and T˜ µν = A
−4(φ)T µν . Let us expand the fields to first order in the parameter G0 = G
∗A2(φ0), we
then obtain
gµν = ηµν + hµν
φ = φ0 + φ(1) (9)
A(φ) = A(φ0)[1 + α(φ0)φ(1)]
T µν = T
µ
(0)ν + T
µ
(1)ν
Therefore, eqs. (8) reduce to:
∇2hµν = 16piG∗(T(0)µν − 1
2
ηµνT(0)) (10)
∇2φ(1) = 4piG∗α(φ0)T(0)
In this approximation, T (0)µν is the energy-momentum tensor at zeroth-order in the conformal
frame. Its relation to the (physical) energy-momentum tensor at zeroth-order in the Jordan-Fierz
frame is given by T (0)µν = A
2(φ0)T˜
(0)
µν . In this way, the first equation in the system (10) is the Einstein’s
equation in the weak-field approximation regime.
Now, g˜µν = A
2(φ)[ηµν + hµν ]. Therefore, using the approximation (9), we have:
g˜µν = A
2(φ0)[1 + 2α(φ0)φ(1)][ηµν + hµν ] (11)
We can see then that the problem of finding the metric in the scalar-tensor gravities may reduce to
find the metric in Einstein’s gravity for the same matter distribution. In the next section, we will
illustrate our proposal with some examples, such as topological defects.
3 First Order Solutions:
In this section, we will apply the method developed in the previous section to the cases of a cosmic
string, a domain wall and a monopole, respectively.
3
3.1 The Domain Wall Solution:
In what follows, we will consider a static domain wall with neglegible width lying in the yz-plane in
the weak-field approximation. Therefore,
T µ(0)ν = A
4(φ0)σδ(x)diag(1, 0, 1, 1) (12)
in the cartesian coordinate system (t, x, y, z). σ is the wall’s surface energy density. In our convention,
the metric signature is −2.
Let us begin by solving the equation for the dilaton field φ(1) in (10):
∇2φ(1) = 12piσG0A2(φ0)α(φ0)δ(x)
φ(1) = 6piσG0α(φ0) | x |, (13)
where G0 ≡ G∗A2(φ0).
Now, the linearised Einstein’s equation in (10) with source given by (12) are just the same as in
Vilenkin’s paper[6], except that in our case the metric is multiplied by the factor A2(φ) linearised.
Therefore, we have (to first order in G0):
ds2 = A2(φ0)
[
1 + 4piσG0|x|(3α2(φ0)− 1)
]
[dt2 − dx2 − dy2 − dz2].
The factor A2(φ0) appearing in the above expression can be absorbed by a redefinition of the coor-
dinates (t, x, y, z). We finally, then, obtain [8]:
ds2 =
[
1 + 4piσG0|x|(3α2(φ0)− 1)
]
[dt2 − dx2 − dy2 − dz2]. (14)
This is the line element corresponding to a domain wall in the framework of scalar-tensor gravity in
the weak-field approximation. It is very illustrative to consider a particular form for the arbitrary
function A(φ), corresponding to the Brans-Dicke theory, A(φ) = eαφ , with α2 = 1
2ω+3
, (ω = cte).
In this case, we have that G∗A2(φ0) = G0 =
(
2ω+3
2ω+4
)
Geff [2] where Geff is the Newtonian constant.
Therefore, metric (14) reduces to the same as in Barros and Romero [1, 7].
3.2 The Cosmic String Solution:
Let us consider a static string lying in the z-axis. In this case, the energy-momentum at zeroth-order
is given by:
T µ(0)ν = A
4(φ0)µδ(ρ)diag(1, 0, 0, 1) (15)
in a cylindrical coordinate system (t, r, θ, z). µ is the string’s linear energy density.
Again, let us begin by solving the equation for the dilaton field φ(1) in (10):
φ(1) = 4G0A
2(φ0)µα(φ0) ln ρ (16)
4
The procedure here to compute the metric is the same as exposed in the case of a domain wall,
since we have to solve Einstein’s equations at linear order. Therefore, we have [9]:
ds2 =
[
1 + 8G0µα
2(φ0) ln ρ
] [
dt2 − dz2 − dρ2 − (1− 8G0µ)ρ2dθ2
]
(17)
Again, this result reduces to the metric found by Barros and Romero [1, 7] in the particular case of
Brans-Dicke theory.
3.3 The Monopole Solution:
Let us consider now a global monopole with total mass m = 4piη2R, where η is the energy scale of
the symmetry breaking and R is the cut-off radius. Then, the energy-momentum tensor in spherical
coordinates (t, r, θ, ϕ) is given by:
T µ(0)ν = A
4(φ0)
η2
r2
diag(1, 1, 0, 0) (18)
Solving the equation for the dilaton field, we have
φ(1) = 8piG0A
2(φ0)α(φ0)η
2 ln r (19)
In this way, we can easily obtain the metric for a global monopole in the weak-field approximation
from the solution of Vilenkin and Barriola [10]:
ds2 = [1 + 16piG0A
2(φ0)α
2(φ0)η
2 ln r][dt2 − dr2 − (1− 8piG0η2)(dθ2 + sin2 θdϕ2)] (20)
Again, we reduce to the same result found previously by Barros and Romero [7] in the case of
Brans-Dicke.
4 Conclusions:
Our main result is to show that there is a correspondence between the metric solution in scalar-tensor
gravities and the metric solution in Einstein’s gravity for the same matter distribution, in the weak-
field approximation. Indeed, we have demonstrated that the linearized metric in Einstein’s gravity
is multiplied by a conformal factor which depends on the solution of the dilaton’s equation for each
matter content.
To conclude, we briefly mention that the gravitational field generated by topological defects in
scalar-tensor gravities present many intersting features, already at linear order. First of all, light
propagates in the same way as in the General Relativity case. However, defects in the scalar-
tensor gravities exert a gravitational force on massive test particles and this fact leads to interesting
consequences, such as for instance a perturbation in the particles’ velocity implying in the formation
of wakes [11] by moving strings and the generation of a current inside strings [12], a new feature that
still deserves further analysis [13].
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